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PRAMDTL EQUATION IN THE THEORY OF A WING WITH A FINIT E SPAN ’

by D . I. Sherman

Presented by Acade m ician L. S. Leybenzon

Footnote : ‘Give n at a sem inar of the Institut e of Mechanic s of the AS

USSR in December 191$7. End footnote

§ 1. Prandtl :1] obtained the following singular

in tegro— different ial. equation for determining circulation in a flow

about a wing with a finite span:

0 

~~~~~~~~~~~

- 

~~~~~ ~
s ‘-

~~~- ..~~. 0

(I)

O Here 2a is the wia ga~~ n. b(.4 La th. chord of its profile and
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D O C = 0 1 8 5  2

.(x) its geometric angle of at tack , V is the velocity Df the air flow

at infinity, a is a certain constant (approximatel y equal to 2w ) , and

: r (x) is the unknown air flow circulation along the wing profile . As

usual, the diverging integral on the left side of the eguition shoul~I

be considered in the sense of the main Ca uchy value .

Equation (1) has been the ob ject of many studies. This equation

wa s transformed into an integral Fredholm equatio n with a continuous

kernel ’ in a relatively recent study by I. N. Vekua (2].

Footnote : iL .  G. flagnaradze ( 0 3 ]  obtained a similar Pred hol a equation

with somewhat different assumption s before I. N. Vekua . End footnote

In th is case, in accor dasce with th. statemen t of the problem , I. N.

Vekua considers that b ,(x) has the for.

b (x1~~~~~~~~ ~~(—a<x <a)j

~~~
. wh er e is an even analytica l fun ction in segmen t à<x<a,

whi ch assume s positive values in it. The angle of att ack m (x) and
unknown circu lat ioi F(~) are also assume d to be even funct ions  in

the same segment.
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In practice it is extremely significant when p(4 is the
0 0  rat ional  function

a 
- & 1o ~~~~~~~~~~ ~~~~~~~~~~~~~~~~ (3)

r ~ ~~ ~~ :-~~~~ .5 -

with real coefficients 6~ and bh,

G. shm idt (4] found a suffic iently effective solution (in

squares) for this case (at . Th en L. I. Sedov found this

solu t ion solution in a different manner.

I. N. Vek u a found that the kernel of the Predhol . equatio n to

which he had reduced equ ation (1)  is degenerate if p(Jc)
0 
is rational.

Therefore , using the method he proposed , in this case the solution 0

can also be obtained in finite form.

This re port presents a somewhat different approach to solving

equation (1) when function p(x) is rational. we feel that this

approach may sometimes have certan advantages ove r the others , since

FTD—ID(RS)I—0185—77 
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it can be directly (without using a con formal expression) transferre~1

to the more com plex situation in which the segment joining points t =

—a an d t = a is curvilinear , and coefficients a,, b~ and the free

tern in (1) are complex. We encounter this type of complex Pra ndt].

equation in certain problems of the elasticity theory.

In Conclusion , we will indicate an approximate method of solving

equation (1) which is suitable for any function b(x), and which , in

our orinion, can have sufficiently effective results. 
0

0

F!
We will draw a profile along real segmen t (—a, a) on plane

Ya1~E? is arbitrarily used to mean that branch of

this function which assumes positive values on the upper b an k of the

profile’.

Footnote: ‘O bviously, in this case Y~’~? in formula (2) should

be considered to be the limiting value of Y~~~? on the uppe r bank

of the profile. End footnote

I - .

For definiteness we will say that n1 = n 2 = it. We can consider

the other cases in a similar fashion.

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 

_ _

~~p_ ._1 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 0 

~~~~~~~~~ -0-~ 0
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We will introd uce the function

• $ ... • • J , 1

S

~~‘ ~~~~~~~~
at regu la r  in terva ls  on plane z everywhere outside of the profile.

Then , considering the conditions which are normally accepted in wing

theory

F ~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~1$~

we will wr ite equation (1) in the following form , after

transforsatjon:

~ ~~~~~~~~ øv) 

~( 
~

€)
~ ~
j

y~~i _~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~

- -4

— i~~~b,t” (~1V) +~~,
(t)) =-

- - r (t)~~~ , (t~— D 4 ( t) (—a<t<~),y.’~ 
a”. 

~
, 0

wher e indices i and e indicate tha t the l im i t i ng  va lues of the

f u n c t i o n s to whic h the y are assigned are take n cn the uppe r  and lower

b a n k s  of the  prof i le, respect ively.

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Then sett ing

~~ ~~a,z~ — i~ (z~ ~~~~~~

we wi l l  ha ve

0 — - ~- . 
O x . - - ~~ e5 ~~~~~~ 

._ . -
,- . • - - 

0 - ..:~~,
-

0 I”.-
O ~~0._ -

-t’~(t~±~~,(t~=f(4 f (~) =~4Vi( t) ~~~b~t” ‘ (8)

Func t ion  ‘F(z) is regular  on plane z outside of p ro fi l e  ( — a , a ) ,

w i t h  the  exception of an i n f i n i t e l y  d is tant  point where  it obv ious ly

has a pole on the  order of 2 ( n — 1 ) .  We will introduce a n ew f u n c t io n

w h i c h  is also regular  outside the  prof i le, but which r e t ur n s  t o  zero

at i n f i n i t y :

2(a — 3) - -

‘F~ (z) ‘F (z) — 
~~~~ c ~~~~~~~~ - 

~

where , at su i table  va lues  of constants  C~ the  second t e r m  on the

r i g h t  side expresses the  main part of the  expansion ( toget her w i t h  0

t he  f r e e t e rn )  of f un c t ion  ‘F(z) in the v ic in i ty of an i n f i n i t e ly

f a r — o f f  point .  Here f r o m  (8) we will  hav e

- . 0 - - .. 2(41— I)
Y;(n+’F~~)= f (o—2 ~~ O c~t’.- - 

-

, •- -~~~~. ~~~~~~~~~~~~ 

Whence , a f te r  s imple  computat ions, we wi l l  have
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wh e r e u p o n i

____  !_ (V’~~’fw~j~ ~~~~ 
~~~~~~~~~~~~~~~~~ l)” c’ 4 +*,_ * ,

1—: r
?~ 

~- : .
-
~~

‘ 

~~~ ~1 ~~~~ ~~~~~~~~~~~ ~~
-

-

~~~
‘. 0 

-~~~ - 
(1~~~~

where C is a new random constant and E(k)=-~ ...~ ~-±~!L depending on

w h e t h e r  k is even or odd.

Footnote : ‘As formulae (12) show , each of the constants

and ‘C1{k 4,..~~~, 2 (41 —i )~ is expressed by a l l

..., ~(n~—I~ and  •r ~, (k1 ’ J.3, ..  ., 2~ — 3). respect ively ,

beginning with k g = k — i .  Constant c0 depends on the  same

as c~ and , therefore, can be expressed b y  

, 2 ( n — I ~ .

Thus , we wil l have all 2n random constants:

.e1 (h=1,2.. . -~~~ --i) and C. The conditions for finding them are

given below. Nenceforth constants c~(k = O.1.~~... 2(*—i)) will not be

nece ssary.

- . - ~ 0~ 0 
~~~~~~~~~~~~~~~~~~~~~~~~
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We n o t e  t h a t  cons tan t  C 1 (at k, = k 2 = 0) in f o r m u l a  (12)

should be considered to  be equal  to zero. End footnote

Inclu’ling C in constan t c0 and using th€ prev ious designations for

i~~, based on f o rm u l a e  (7) and (9) we wi l l  have

- - 
- . 0 - - - ~~~~ - - - — -. 0 0  

--

.!_ 

~~~~~~~~ 
ak~~

2k _ r~~~ (z) ’S~bk z2* C~~ Z) ____

From equat ion (13) we wi l l  ha ve

~~~~~~~~~~~~~~~~~~~~~~~~~ ~
-:

he re C,,, is a new r a n d o m  constant  and , f u r t h e r m o r e , th~ f o l l o w i ng

ie s ign a t ion s  are in t roduced

— 
--
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- / a

T( :) = (V~~~~~— iz) ” 11 (‘~f . —~! ‘ ! L’ ~Ti’ \’~ -

if: s,)+ r~~/

Qf r ) = - ._L~~) (z) 4 o~~~~
_’__

~~~~~~~’ C~~~1l). (15)

g (z) = 1’, zn- . - - 
. 

- 

-

whe re ~ a are  the roots to po lynomia l  g (z) w h i c h , by defin it ion , lie

outs ide  of segment (—a , a) and are assumed to te s imple f o r

co n venience; ~~~~~~~~~~~~ 2n) are ce r t a in  c o n s t a n t s , the  f i rst

of which p~ is real; z 0 is the initial point of integration and’

—4.

Footnote:  ‘We should take  T~ to be the  value of the  selected branch

Va~~~~ z’ at z=~~ ~ En d footnote

~2. An a l y t ical f u n c t i o n  T (z) w i l l  be s ing le— valued  on a p l a n e  on

wh ich 2n more other prof i les2 are d rawn  in a cer ta in  f ish ion  f rom

poin t s  ~ along w i t h  t h e  above profile along the real segment (—a,

a ) .



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~0- 0O~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~  ~ 
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Footnote:  2At least one of these profiles should be d r aw n  to an

i n f i n i t e l y  dis tant  point .  End footnote

He re , obviously ,  the integrat ion curve  in (14) • w h i c h  loins z

and 2 0,  should neither intersect the profiles, nor, generally

speak ing ,  contain points ~~~•

In accordance with formula (1$) , we will select the  cons tan t s

- 
- 

c,(k~~~O,l ,.’.., 2iz) so that function tI~(z) is regular at points

Z— f ~ and r e tu rns  to zero at i n f in i t y .

We will first’ assume tha t 
~~ > 

—~~

Footnote: ‘Based on the  a s sumpt ions  made wi th  respect to  coeff ic ie nt s

a~ and b, constant 
~~ 

> 0. However, here we are only considering the

more general case which is of interest in several other problems. End

fcotroote 

~~~~~~~ O~~~~~~~~~- - -0- ~~~~~ - - 0~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ j



0 — —— 0 
- -----— ~~~~ ----—--— - —

~~
--- -- ---

~

DOC 0185 11

In t h i s  case, se t t ing C~~=O, we w i l l  take an i n f i n i t e l y

distant point as z0. Then

d~’ (z) r= T(x) ~~~~~~~~~~~ dt -~~ ~~ (16)’

E x p a n d i n g  the r igh t  side of this  formula  int o a series at

sufficiently large values of modulus z, it is easy to p r o v e  t h a t

Q(~) is single—valued in the vicinity of an infinitely fa r—off point

- 
- 

and returns to zero at infinity.

Further , near Z a ~ we will have

T (z) = (z — i ,) ’ ~~ + ~~~ (z — s.,) + ..). -
~

qj~~ == (z—. ) “~t o ,  ~~~~~~ ~2 L 
~k)±~~

.) ’ ’ 
~~~~~~~~T (a) -. ‘0 - 

•
o~ 

- - -- 
0 

-. -

4 ,, 4 — -

7* ‘ —

where E~ and ~~ are certain constants.

IfRe (v,)<O(k=-1..:.. 2)4 then in order for function G(~): to be

regular at points c~~~~. the following equalities must be

observed
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41~ ~ - • 
-

( k= 1 , , 2~i) , (18)

We will allow that this syste. can be solved re la t ive  to

constants ~~~~~~~~~~~~ ~“M• Then, determining the l a t t e r  f r o m  it an d

substituting their valmes in (16) , we wi l l  f i n d  the  requi red  f u n c ti o n

Considering 
~~ 

> —1 like before , we will examine the case in

which certain of Re (v,)>O. We will say that Re(v,)~~ n,~~ p~

where ‘x, is the largest whole number containe d in the real part of v~

an d O<~& (1. It is easy to see that the corresponding equations

in (18) will look different in this case.

Substituting formula (16) in for m

on the basis of (17)  and observing tha t  the  f u n c t i o n  inc luded  under

the  sig n of the integral in these equat ions is is absolute ly

• in tegrab le  at ~~~~~~~ instead of certain of (18) we w i l l  ob ta in  the

following equations which provide regularity of ,4~(z) at t he poin ts

in qu’~stion:

_ 
_ _
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,

‘~~~~~

If 1m (v~)=j ,,=~~ , ,  for any value  of k, the corresponding

1 equa tion from the latter must be replaced by condition ~~~~~~

Now we wil l  proceed to the case of ~~ < —1 , for b rev i ty  l i m i ti n g
ourse l ve s to the assum ption tha t  ‘Re(v ,)< O(k=I , . ..,  2it). Let ~~

O — (n0+~ 0), where n0 is a positive integer and 0 < ~~ ~ 1.

0 
Taking Z

~~ 
= 0 in (14) as the initial point of integration in

this case, instead of (18) we will  have the  following equa t ion s (also
following from the condition of regularity of 

~~~~~~~~~ 
at the points in

question) : 
0

-4-- C2. = 0 (A I, 2si) 
- 

(21)

Subsequent ly,  designating A as a f ixed numbe r with a rather

large modulus and considering the expansion

Q(x) - _  
~~~ ~~ 

-
~~ 

--
~~~~~

--- 

- -
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in the vicini ty of an infinitely d istant point, where ç are certain

constants, we will rewrite (14) as follows

_ _ _ _  
~~~~~ ~~z

~~~Q+h~~~~~~~~~’~~ ,~~~~~~~~~~~
‘ .

T~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(22)

whence it is clea r tha t in order for 0(z) to return to zero at

i n f i n i t y ,  the f o l l o w i n g  equat ion must  be adde d to system (21)

$~~~~~
—
~ 

~~~~~~~ ~~ (1 +h 4-~~~A~~ ’~
.

Determining const a nts c,(k ==O, 1~.. . , 2fl), f rom them , we w i l l  f ind

• (z).

tn par t icular , at ~~ = 0 it is necessary to r equ ir~ obse rva t i on

of equality ea, .~I = O  instead of (23) .

L — — - - -- — -

-0• —--—-

~

------- - - - -~ - -0 - --- -~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 0~~~~~~~ - -
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As we saw, function 4D(4~ was regula r in the v i c i n i t y  of an

infinitel y far—off point in all the cases in question. Furthermore ,

under the conditions (18), (20) or (21). (23) (and the partial

changes in them), whic h we will consider to be satisfied for each

case, ~~~ does not have peculiarities on the plane with prof ile

• (—a, a). Consequent ly ,  it is single—valued on it. Whence it follows

that the integral in (114), taken for segment (—a. a), shou ld be equa l

to zero. The latter, in tur n, makes it possible to easily determ ine

that the unknown function F(4. determined b y •(z) on t h e  basis of

( 6 ) ,  sat isfies equations (5) .

Note. In conclusion we will briefly discuss the case when p(t)

is a n y  an a lytical func t ion  in segment (—a , a) . We wil l  say tha t

function p(t) assumes identica l values at the geometrically

coinciding points on the upper and lower banks of profile (—a, a)

Then , using the conformal reflection of the plane with the same 0

profile on the circumference of a single circle, a f t e r  c e r t a in

computa t ions  we w i l l  have

FTD—ID(RS)I—0185—77
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~~ ~~~~~~~~~

where Vt ’—a’ is an imaginary positive numbe r on the u ppe r b a n k  of

the profile .

Now we will designate X (ti as the sum n+1 of the first terms

(includ ing the first term) of series (2k) and we will assume that

functio n p(t) is approximately equal to x (tj (wh ich is permiss ib le

in practice, beginning wi th  a certain n) .  Woting tha t here

we viii tra nsform equation (1) int3 a for m

analogous to (8), setting

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(25~

Prom this point on we continue analogously to the above

proced ure.

Insti tute of Mechanics of the AS USSR

FTD—ID(Rs)I...0185_77
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